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Abstract 

We compare two ways of force terms generating in the model of nonrelativis- 
tic particle moving in the presence of constant field force F. First of them uses 
the twist-deformed acceleration-enlarged Newton-Hooke quantum space-times while 
the second one incorporates the doubly enlarged Newton-Hooke transformations of 
classical space. Particulary, we find the conditions for which the both treatments 
provide the same force terms. 
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1 Introduction 



In the last time, there appeared a lot of papers dealing with classical and quantum me- 
chanics (see e.g. [1]- [3]) as well as with field theoretical models (see e.g. jl]), in which the 
quantum space-time plays a crucial role. The idea to use noncommutative coordinates is 
quite old - it goes back to Heisenberg and was firstly formalized by Snyder in [5] . Recently 
however, there were found new formal arguments based mainly on Quantum Gravity [6] 
and String Theory models [7J, indicating that space-time at Planck scale should be non- 
commutative, i.e. it should have a quantum nature. Besides, the main reason for such 
considerations follows from the suggestion that relativistic space-time symmetries should 
be modified (deformed) at Planck scale, while the classical Poincare invariance still re- 
mains valid at larger distances [5], [9]. 

Presently, it is well known, that in accordance with the Hopf-algebraic classification of 
all deformations of relativistic and nonrelativistic symmetries, one can distinguish three 
basic types of quantum spaces [10] . First of them corresponds to the well-known 

canonical type of noncommutativity 

[ 2^tj -^v ] i@tiu i (1) 

with antisymmetric constant tensor 9 pu . Its relativistic and nonrelativistic Hopf-algebraic 
counterparts have been proposed in [T2] and [T3] respectively. 

The second kind of mentioned deformations introduces the Lie-algebraic type of space- 
time noncommutativity 

[ x M , x v ] = iQ^Xp , (2) 

with particularly chosen coefficients Q p being constants. The corresponding Poincare 
quantum groups have been introduced in [H]-[T6], while the suitable Galilei algebras - in 
[Tf] and p3]. 

The last kind of quantum space, so-called quadratic type of noncommutativity 

[x li ,x v ] = iO%x p x T ; 0£ = const. , (3) 

has been proposed in [18], [19] and [IE] at relativistic and in [20J at nonrelativistic level. 

Recently, in the series of papers [21]- [25], there has been demonstrated that the differ- 
ent (mentioned above) types of space-time noncommutativity produce in particle models 
the additional dynamical terms. Particulary, in article [21] it has been shown, that when 
two spatial coordinates commute to time in Lie-algebraically way, there is generated the 
additional acceleration of nonrelativistic particle moving in constant external field force. 
Similar investigations for quantum space with two spatial directions commuting to the 
proper function of classical time have been performed for particle in constant force [22] as 
well as for oscillator model [23J. Besides, the other types of space-time noncommutativity 
(with two spatial directions commuting to space in Lie-algebraically and quadratically 
way) have been studied in pTJ and in article [21] . It should be noted, however, that the 
most interesting results have been obtained in paper [25], in which the authors consid- 
ered nonrelativistic particle moving in gravitational potential on the well-known K-Galilei 
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space-time [T7]. Particulary, it has been demonstrated that the generated by such a type 
of space-time noncommutativity additional force term can be identified with so-called 
Pioneer anomaly [26]. The comparison of obtained result with the proper observational 
data [26], [27] permitted to fix the deformation parameter k. 

In this article we generate the (additional) time- dependent force terms in Newton 
equation of particle moving in constant force F in the completely new way, i.e. by the 
transformation of classical space of the form 

Xi — > Xi + cii(t) , (4) 
t — > t . (5) 

Formally, the rules fll]) and <^ can be realized in the framework of so-called doubly 
enlarged Newton-Hooke (undeformed) quantum group U (NH+), for which (290,3 

Qi (t) = a,i cosh ( — J + ViT sinh ( — J + 2biT 2 ( cosh ( — J — 1 J + 



+ 6c 4 r 3 (sinh f 1 ) - * ] , (6) 



T 

and for which, in r approaching infinity limit, we hav^fl 

a,i(t) = ai + Vit + kt 2 + Cit 3 . (7) 

It should be also noted, that by the proper contraction schemes (r — > oo) one can get 

from Uq{NH + ) the other nonrelativistic symmetry groups, such as: acceleration-enlarged 
Newton-Hooke, acceleration-enlarged Galilei and Galilei classical Hopf algebras, respec- 
tively. 

In the next step of our investigations, we compare the obtained result with the men- 
tioned above model of nonrelativistic particle defined on the quantum space of the form@ 

[t,Xi] = [xi,x 3 ] = [x 2l x 3 ] =0 , [x 1 ,x 2 ]=if{t) ;« = 1,2,3, (8) 

with 

/(*) = /« (£\ = «i cosh 2 (^j , (9) 

/(*) = /« (l) = « 2 r cosh (±) sinh (t\ , (io) 



1 In [29] there is considered only the hyperbolic (De-Sitter) case. However, the trigonometric (anti-De- 
Sitter) transformation can be easily obtained by changing cosmological constant r into ir in all above 
equations. 

2 Here, we take under consideration the most general (known) type of nonrelativistic transformations 
of classical space. 

3 The formula (0 defines the transformation rules for so-called doubly enlarged Galilei Hopf structure 
4 We consider particle moving in the presence of external constant field force F. 
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/(*) = /«. [ ;J = ^ sinh 2 (I ) , (11) 
fit) = f K4 [ ~) = 4^ 4 r 4 (cosh (£\ - I]' , (12) 

t\ 2 ( , ( t \ _.\ .ft 



fit) = f KB y-j = k 5 t 2 (cosh I -J - lj cosh ^-J , (13) 
fit) = f K6 (~\ = k 6 t 3 (cosh f~) - lj sinh (?) , (14) 



and (for r — > oo) 

(15) 
(16) 
(17) 
(18) 

(19) 
(20) 

The commutation relations (|SJ) has been provided in the framework of twist procedure of 
acceleration-enlarged Newton- Hooke Hopf algebra U (NH + ) [28 JE Here, by the compar- 
ison of both treatments, we find the direct link between transformation functions a$(t) 
and time-dependent noncommutativity fit). 

The paper is organized as follows. In second section we consider the noncommutative 
model of nonrelativistic particle moving in constant field force F. Further, we provide 
its commutative counterpart which incorporates the transformation rules (j3J) and (JSJ). In 
section three we compare the both (described above) force term generating procedures. 
The final remarks are mentioned in the last section. 



/(*) 


= Uit) 


= Hi , 


/(*) 


= /*(*) 


= K 2 t , 


/(*) 


= fmit) 


= K 3 t 2 , 


/(*) 


= 


= K 4 t 4 , 


/(*) 


= /«.(*) 


1 2 

2 5 


/(*) 


= f«eit) 


1 i 
2 



2 Generating of the additional force terms in Newton 
equation 

2.1 Generating by the space-time noncommutativity ([8]) - the 
first treatment 

Let us now turn to the dynamical models in which the additional force terms are generated 
by space-time noncommutativity. Firstly, we start with the following phase spaced 

{t,Xi} = , {x 1 ,x 2 } = f(t) , { Xx,x 3 } = = { x 2 ,x 3 } , (21) 

5 In this article we consider the most general (known) twist deformation of nonrelativistic symmetries. 
6 We use the correspondence relation { a, b } — i[ a, b ] (h = 1). 
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{ Xi,pj } = Sij , { pi,pj } = , (22) 

corresponding to the commutation relations (jHJ). One can check that the relations (12 ip. 
(|22p satisfy the Jacobi identity and for deformation parameters K a running to zero become 
classical. Next, we define the Hamiltonian function for nonrelativistic particle moving in 
constant field force F as follows 

1 3 
H(p, x) = — {p\ + pl + pl)-J2 . (23) 



In order to analyze the above system we represent the noncommutative variables (xi,Pi 
on classical phase space (xi,pi) as (see e.g. [30]-[32]) 



/«.(*) - ,/«.(*) 
a?i = xi y~ P2 , x 2 = x 2 H — pi , x 3 = x 3 , Pi=Pi , 

where 

{ x h Xj } = = { pi,pj } , {xi,pj} = 8^ . 
Then, the Hamiltonian ( 1231) takes the form 

3 



H(p, x) = H f (t) = ±-(f 1+P l + pi) - £ F lXl + Fj-^p 2 - F, ' 1 1 ' 

i=l 



-Pi 



(24) 
(25) 

(26) 



Using the formulas ( )25l) and ( )26l) one gets the following canonical Hamiltonian equations 
of motions {bi = 4:Oi = { o, h H }) 



■ _ Pi fnM p • _ p 

#1 — „ ^2 , Pi — -^1 , 

m 2 

X 2 — 1 " r\ , P2 — -^2 , 

m 2 

P3 . „ 

2^3 = — , P3 = F 3 , 

m 

which when combined yield the proper Newton law 

F x - I%^F 2 = G x {t) 



(27) 

(28) 
(29) 



mx\ 

mx 2 
mi3 



F 2 + = Gf 2 ( t ) 



^3 — 



(30) 



Firstly, by trivial integration one can find the solution of above system; it looks as 
follows 



' x x {t) = 






< x 2 {t) = 


£.t* + v 2 t+%f*f Ka (t')dt> 


(31) 


k xz{t) = 


^F 3 t 2 + v° 2 t + x° , 





with and x° denoting the initial velocity and position of particle respectively. Next, one 
should observe that the noncommutativity (jSj) generates the new, time-dependent force 
term G(t) = [ Gi(t), G2(t), G 3 ], which for deformation parameters n a approaching zero re- 
produces undeformed force F. Finally, it should be noted that for f(t) = lim^oo f K1 (t) = 
K\ = 9 and f(t) = lim T _ s>00 / K2 (t) = K 2 t (see formulas f|T5|) and (fl6|) respectively) we re- 
cover two models provided in [21]. First of them does not introduce any modification of 
Newton equation, while the second one generates the constant acceleration of particle. 

2.2 Generating by the transformation of classical space ((4])-([6]) 
- the second treatment 

Let us now turn to the second model in which the force terms are generated by the 
transformation of classical space ([6]). Firstly, we start with the following equation of 
motion 



mil 


= F 1 


m'x 2 


= F 2 


mx 3 


= F 3 



(32) 



defined on the commutative (standard) space-time. Next, by using transformation rules 
(jlj) with function a 3 (t) equal zero, we get the following Newton law in the nonrelativistic 
space-time with changed space coordinates (see (jl])) 

mil = F\ + m'diit) = Hi(t) 
< mx 2 = F 2 + ma 2 (t)=H 2 (t) (33) 
k mx z = F 3 = H 3 , 

i.e. there appeared in Newton equation the additional force term given by the function 
'di(t). Moreover, let us notice that only for Galileian transformation 

cii(t) = di + Vit , (34) 

the equation of motion (132]) remains unchanged. Besides, one should observe that the 
solution of ( l33l) is given by 

' = & 2 + v° 1 t + x° 1 + a 1 (t) 

< x 2 (t) = ^t 2 + v%b + x° 2 + a 2 (t) (35) 
k x 3 (t) = ±F 3 t 2 + v° 2 t + x° 3 , 
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and (for example) for function (J7|), it takes the form 

' xi{t) = cit 3 + (^ + b 1 )t 2 + (v^ + v 1 )t + x° 1 + a 1 

x 2 (t) = c 2 t 3 +(^ + b 2 ) t 2 + (v° 2 + v 2 )t + x° 2 + a 2 (36) 

I a*(t) = ^F 3 t 2 + v° 2 t + x° 3 . 

Consequently, we see that as in the pervious treatment there appeared in model the new, 
time-dependent force H{t) = [ Hi(t), H 2 (t), H 3 ] defined by the equation (J33J. 



3 Comparison of the both approaches 

Let us now compare the formulated above treatments. Firstly, one can observe that the 
new, time-dependent forces G(t) and H(t) are exactly the same when 



2 > 



2 ' " v ' 2 

Unfortunately, such a situation appears only for (see (171) and (jlEllfl 

a\(t) — a\ + v\t + bit 2 



f K2 (t) = Kit 
a 2 (t) = a 2 + v 2 t + b 2 t 2 
as well as for (see formulas (j7j), (fT7|) and (IT9"J) 



6, = , 



62 = ^ 



Cl 



ai(t) 
a 2 (t) 

lad = /.•:-,/- = /,,,(/) = -M z = i<t 



a\ + fit + c\t 
a 2 + t> 2 * + c 2 t 3 

*2 



C 2 



--F 2 
6 2 

6 F " 



Then, for the choices (!38|) . ( 139|) and (j4"0]) - (j4"2"]) . we get the following equalities 

mK 2 



and 



Hi(t) 


= Gx(t) 


= F x - 




= G 2 (t) 


= F 2 + 




= G 3 = 




Hi(t) 


= G x {t) 


= F x - 



2 

171K 2 



G 2 (t) = F 2 + mnF 1 t, 
G*3 = F 3 , 



(37) 

(38) 
(39) 

(40) 
(41) 

(42) 

(43) 

(44) 
(45) 

(46) 
(47) 
(48) 



7 The equality of force terms in both treatments appears only for cosmological constant r approaching 
infinity. 



respectively. Besides, it seems that the second treatment (by the classical groups) has 
one advantage - it follows from (I3"0"j) and (1551) that the second approach (contrary to the 
first one) does not need the presence of initial constant force F — [ F%, F 2 , F 3 ] to generate 
the additional dynamical terms. In fact, when one puts F — [ 0,0,0 ] in the equation of 
motion (130]) then its right side vanishes, while in the equation (133]) there are still presented 
the additional forces of the form 

#i(t) = mdiit) , H 2 {t) = ma 2 (t) ■ (49) 

4 Final remarks 

In this article we compare two ways of force term generating in the model of nonrela- 
tivistic particle moving in constant external field force. First of them uses the space-time 
noncommutativity (JSJ) while the second one is based on the transformation rules of clas- 
sical space d3|. Particulary, we find for which functions f(t) and a.j(t) the generated force 
terms are the same in both treatments. Finally, it should be noted that performed in this 
article considerations concern only the simplest model of nonrelativistic particle moving 
in constat force F. However, they can be extended to the arbitrary norelativistic sys- 
tem and then, the necessary calculations become much more complicated but the general 
mechanism remains the same. 

Acknowledgments 

The author would like to thank J. Lukierski for valuable discussions. This paper has been 
financially supported by Polish NCN grant No 2011/01/B/ST2/03354. 

References 

[1] M. Chaichian, M.M. Sheikh- Jabbari, A. Tureanu, Phys. Rev. Lett. 86, 2716 (2001); 
|hep-th/0010175| 



[2] A. Deriglazov, JHEP 0303, 021 (2003); |hep-th/0211105 



[3] S. Ghosh, Phys. Lett. B 648, 262 (2007) 

[4] M. Chaichian, P . Presnajder and A. Tureanu, Phys. Rev. Lett. 94, 151602 (2005); 
|hep-th/0409096| 

[5] H.S. Snyder, Phys. Rev. 72, 68 (1947) 

[6] S. Doplicher, K. Fredenhagen, J.E. Roberts, Phys. Lett. B 331, 39 (1994) 



[7] A. Connes, M.R. Douglas, A. Schwarz, JHEP 9802, 003 (1998); hep-th/9711162 



S. Coleman, S.L. Glashow, Phys. Rev. D 59, 116008 (1999); [hep^h/9812418 



[9] R.J. Protheroe, H. Meyer, Phys. Lett. B 493, 1 (2000); astro-ph/0005349 



[10] S. Zakrzewski, "Poisson Structures on the Poincare group"; q-alg/9602001 



[11] Y. Brihaye, E. Kowalczyk, P. Maslanka, "Poisson-Lie structure on Galilei group"; 



math/0006167 



[12] M. Chaichian, P.P. Kulish, K. Nashijima, A. Tureanu, Phys. Lett. B 604, 98 (2004); 



hep-th/0408069 



[13] M. Daszkiewicz, Mod. Phys. Lett. A 23, 505 (2008); arXiv: 0801.1206 [hep-th] 

[14] J. Lukierski, A. Nowicki, H. Ruegg and V.N. Tolstoy, Phys. Lett. B 264, 331 (1991) 

[15] J. Lukierski, A. Nowicki, H. Ruegg and V.N. Tolstoy, J. Phys. A 27, 2389 (1994); 



hep-th/9312068 



[16] J. Lukierski and M. Woronowicz, Phys. Lett. B 633, 116 (2006); hep-th/050 8083 

[17] S. Giller, P. Kosinski, M. Majewski, P. Maslanka and J. Kunz, Phys. Lett. B 286, 57 
(1992) 

[18] O. Ogievetsky, W.B. Schmidke, J. Wess, B. Zumino, Comm. Math. Phys. 150, 495 
(1992) 



[19] P. Aschieri, L. Castellani, A.M. Scarfone, Eur. Phys. J. C 7, 159 (1999); q-alg/9709032 



[20] M. Daszkiewicz, Mod. Phys. Lett. A 23, 1757 (2008), IFT-UWR-LV-724; arXiv: 
0807.0133 [hep-th] 

[21] M. Daszkiewicz, C.J. Walczyk, Phys. Rev. D 77, 105008 (2008); arXiv: 0802.3575 
[math-ph] 

[22] M. Daszkiewicz, Acta Phys. Polon. B 42, 1815 (2011); arXiv: 1108.1904 [hep-th] 

[23] M. Daszkiewicz, C.J. Walczyk, Acta Phys. Polon. B 40, 293 (2009); arXiv: 0812.1264 
[hep-th] 

[24] Y.G. Miao, X.D. Wang, S.J. Yu, Annals Phys. 326, 2091 (2011); arXiv: 0911.5227 
[math-ph] 

[25] E. Harikumar, A.K. Kapoor, Mod. Phys. Lett. A 25, 2991 (2010); arXiv: 1003.4603 
[hep-th] 

[26] J.D. Anderson, P.A. Laing, E.L. Lau, A.S. Liu, M.M. Nieto and S.G. Turyshev, Phys. 



Rev. Lett. 81, 2858 (1998); gr-qc/9808081 



9 



[27] J.D. Anderson, P.A. Laing, E.L. Lau, A.S. Liu, M.M. Nieto and S.G. Turyshev, Phys. 
Rev. D 65, 082004 (2002); |gr-qc/0104064 



[28] M. Daszkiewicz, Acta Phys. Polon. B 41, 1889 (2010); arXiv: 1007.4654 [math-ph] 

[29] J. Gomis, J. Lukierski, Phys. Lett. B 664, 107 (2008); arXiv: 0803.3965 [hep-th] 

[30] J. Lukierski, P C. Stichel, W.J. Zakrzewski, Annals of Phys. 260, 224 (1997); 
|hep-th/9612017| 



[31] A. Kijanka, P. Kosinski, Phys. Rev. D 70, 12702 (2004); hep-th/0407246 



[32] P.R. Giri, P. Roy, " Noncommutative oscillator, symmetry and Landau problem"; 
arXiv: 0803.4090 [hep-th] 



10 



